The notion of a tamely ramified covering is canonical only for curves. Several notions of tameness for coverings of higher dimensional schemes have been used in the literature. We show that all these definitions are essentially equivalent. Furthermore, we prove finiteness theorems for the tame fundamental groups of arithmetic schemes.
Introduction
LetC be a be a proper, connected and regular curve (i.e. dim C = 1) of finite type over Spec(Z) and let C ⊂C be a nonempty open subscheme. Every point x ∈C C defines a discrete rank one valuation v x on the function field k(C). One says that an étale covering C ′ → C is tamely ramified alongC C if for every x ∈C C the valuation v x is tamely ramified in k(C ′ )|k(C). Since the proper, regular curveC is determined by C, we can say that the étale covering C ′ → C is tame if it is tamely ramified alongC C.
Following [SGA1, GM] , one possible extension of this definition to higher dimensions is the following. We denote by Sch(Z) the category of separated schemes of finite type over Spec (Z) . Let X ∈ Sch(Z) be a regular scheme together with an open embedding into a regular, proper schemeX ∈ Sch(Z) such that X X is a normal crossing divisor (NCD) onX. Then an étale covering Y → X is called tamely ramified alongX X if the discrete valuations associated with the generic points ofX X are tamely ramified in k(Y)|k(X). However, there might exist many or (at our present knowledge about resolution of singularities) even no regular compactificationsX of X such thatX X is a NCD. Furthermore, there is no obvious functoriality for the tame fundamental group.
So the question for a good notion of tameness of an étale covering Y → X of regular schemes in Sch(Z) naturally occurs. In this paper we compare several possible definitions: curve-tameness: for every morphism C → X with C ∈ Sch(Z) a regular curve, the base change Y × X C → C is tame. divisor-tameness: for every normal compactificationX of X and every point x ∈X X with codimXx = 1, the discrete rank one valuation v x on k(X) associated with x is tamely ramified in k(Y)|k(X). chain-tameness: There exists a compactificationX of X such that every discrete valuation of rank d = dim X on k(X) which dominates a Parshin chain on X is tamely ramified in k(Y)|k(X).
We show Theorems 1.1 and 1.2 in the more general context of regular schemes, separated and of finite type over an integral, pure-dimensional and excellent base scheme S. In the appendix we give illustrating examples, in particular, an example of an étale covering of a regular scheme which is numerically tame with respect to one regular compactification (hence curve-, divisor-and chain-tame) but not numerically tame with respect to another regular compactification.
In the case that the function field of S is absolutely finitely generated, we show the following tame variant of a finiteness theorem of Katz and Lang [KL] . Theorem 1.3 (see Theorem 7.1). Let S be an integral, pure-dimensional and excellent base scheme whose function field is absolutely finitely generated. Let f : Y → X be a smooth, surjective morphism of connected regular schemes which are separated and of finite type over S. Assume that the generic fibre of f is geometrically connected and that one of the following conditions (i) and (ii) is satisfied:
(i) X has a regular compactificationX over S such that the boundaryX X is a normal crossing divisor.
(ii) The generic fibre of f has a rational point.
The Key Lemma for our investigations is the following Lemma 2.4. An integral, one-dimensional scheme will be called a curve. We denote the normalization of a curve C in its function field k(C) byC. In the proof of the Key Lemma we use a reduction argument to dimension two which is due to Wiesend [Wi, Proof of Thm. 2 ]. Wiesend's arguments for the two-dimensional case are however incomplete. O. Gabber has obtained a similar result using a slightly different technique.
Lemma 2.4 (Key Lemma
In the proof of our Key Lemma we need the following ramification criterion. 
Then K ′ = K[T]/( f ) is a discretely valued field with ramification index p over K.
Proof. Assertion (i) is standard, see for example [Se, I.6 Proposition 18] . For assertion (ii), we substitute T by π l T, where
denote the resulting monic polynomial. We claim that 0
Let R ′′ be the localization of R ′ at some maximal ideal. We will show that the ramification index e of R ′′ |R is p. This shows that R ′ = R ′′ and completes the proof of (ii). Let t ∈ R ′′ be the image of the variable T under the homomorphism
shows that t / ∈ R ′′× . Furthermore, it gives the equality in the middle of Reduction to dim(A) = 2. The assertion is trivial if dim(A) = 1. Assume that we have shown Lemma 2.4 for dim(A) = 2. We use induction on dim(A) to prove the general case. For dim(A) > 2, choose a point x 1 ∈ D of dimension one. Set X 1 = Spec(A x 1 ), where A x 1 means the localization of A at the prime ideal corresponding to x 1 , and X ′ 1 = X 1 ∩ X ′ . We deduce by our induction assumption that there exists a curve C 1 on X 1 with
is ramified along D × XC1 . Let X 2 be the normalization of the closure of C 1 in X, X ′ 2 be X 2 × X X ′ and Y ′ 2 be the normalization of X ′ 2 in Y ′ ⊗ k(C). Finally, the two-dimensional case produces a curve C 2 on X 2 with 
Let π be a prime element in the new desingularized ring with D = V(π) and denote by t ∈ A an element such that V(t) is the exceptional divisor. Then (t, π) is the maximal ideal of A and the a i are supported on V(t) ∪ D, so that a i is up to a unit of A equal to t l i π e i with e 0 = 1 and e i ≥ 1 for i > 0. In order to prove the Key Lemma 2.4, we will construct a regular curve C on X of the form C = V(t N − π) with the required properties.
For this we choose a natural number N such that
• C = V(t N − π) meets X ′ and over the generic point of C the algebras A[T]/( f ) and B are isomorphic.
is a discrete valuation ring and, since (t, t N − π) = (t, π) is the maximal ideal of A, the element t induces a prime element of R C . Let
is the polynomial induced by f . The polynomial f C is separable as B is étale over X ′ and of the form
with v R C (a i ) = N e i + l i for i ≥ 0. Therefore the assumptions of Lemma 2.5 (ii) are fulfilled, so that K ′ C is discretely valued and has ramification index p over K C . 2nd case: v R ′ (π) = 1. In this case the residue field extension [Bo, VI, 8.6 Corollary 2]. There are two subcases:
In this subcase we have [T] /( f ) are isomorphic over this subscheme. We will construct a natural number N such that the regular curve C = V(t N − π) has the required properties. In fact, choose N > 0 such that the following properties are satisfied:
• N + l i > 0 for all i > 0.
• 
C is discretely valued and ramified over K C with ramification index p.
In this subcase the residue extension of
D which is not a p-th power in the residue field of R D . Lift ξ to R ′ and denote its minimal polynomial by f ∈ R [T] . As in the previous subcase, we resolve singularities and localize so that without loss of generality we can assume the coefficients of f are supported on E ∪ D, where E = V(t) is the exceptional divisor, and so that E and D intersect transversely. The prime element t can be chosen arbitrarily now, in contrast to subcase 2a. Observe that the residue field of A does not change in the desingularization process (we blow up a regular scheme in a regular center). Then f is of the form f = T p + a p−1 T p−1 + · · · a 1 T + a 0 with a i for i > 0 up to a unit of A equal to π e i t l i with e i > 0 and l i ∈ Z and such that a 0 ∈ A × induces an element in the residue field of A which is not a p-th power. There exists an open subscheme of Spec(A t ) such that B and A t [T]/( f ) are isomorphic over this subscheme. Again the curve C we are searching for will be of the form C = V(t N − π) for some natural number N. We choose N > 0 such that the following properties are satisfied: As in the previous cases it follows that t induces a prime element of the discrete valuation ring R C = A/(t N − π) and that, with
with v R C (a C i ) > 0 for every i > 0 and such that a 0 ∈ R × C is not a p-th power in the residue field of R C . It follows that K ′ C is a discretely valued field ramified over K C with ramification index e = 1.
Some valuation theory
Working over a general base scheme S, we first have to fix some notation.
Definition.
We call an integral noetherian scheme X pure-dimensional if dim X = dim O X,x for every closed point x ∈ X. Remark 3.1. Any integral scheme of finite type over a field or over a Dedekind domain with infinitely many prime ideals is pure-dimensional. A proper scheme over a pure-dimensional universally catenary scheme is pure-dimensional, see [EGA4] , IV, 5.6.5. The affine line A 1 Z p over the ring of p-adic integers gives an example of a regular scheme which is not pure-dimensional.
Let from now on S be an integral, pure-dimensional, separated and excellent base scheme. We work in the category Sch(S) of separated schemes of finite type over S. In order to avoid the effect that open subschemes might have smaller (Krull-)dimension than the ambient scheme (e.g. Spec(Q p ) ⊂ Spec(Z p )), we redefine the notion of dimension for schemes in Sch(S) as follows:
Let X ∈ Sch(S) be integral and let T be the closure of the image of X in S.
, IV, 5.6.5. This equality holds for arbitrary X ∈ Sch(S) if S is of finite type over a field or over a Dedekind domain with infinitely many prime ideals.
Definition. A function field over S is the function field
Every function field over S admits a proper model, see [Lue] for a scheme theoretic proof. Let K = k(X) be a function field over S and let T be the closure of the image of X in S (with reduced scheme structure). Then T is an integral closed subscheme in S.
Definition. We denote by Val S (K) the set of nonarchimedean valuations v on K such that v dominates T,t for some point t ∈ T. For v ∈ Val S (K) and for a given proper S-model X of K we denote by Z v the center of v on X, which is the (uniquely defined) integral closed subscheme of X such that v dominates X,Z v .
Let n ≤ dim S K be a natural number. We consider Z n as an ordered group with the lexicographic ordering.
Definition.
We call an S-valuation v : K × ։ Z n , i.e. a valuation with ordered value group Z n , a discrete rank n valuation on K. The residue field is denoted by Kv.
The following proposition, due to Abhyankar, is well known. The inequality in the proposition is called the Abhyankar inequality. Then v has nontrivial a center in X ′ and the function field of this center coincides with Kv. Finally, we let X ′ ⊂X ′ →X be a compactification, which exists by [Lue] .
Proposition 3.2. Let K be a function field over S and letX be a proper model of K. Let v be a discrete rank n valuation on K with center Z v onX. Then we have the inequality
deg.tr.(Kv|k(Z v )) + dim S Z v + n ≤ dim S K .
Suppose that equality holds. Then Kv|k(Z v ) is a finitely generated field extension. Moreover, there exists a proper modelX
We call v geometric if equality holds in the Abhyankar inequality in Proposition 3.2. This notion does not depend on the proper model we have chosen. If v is geometric, then Kv is a function field over S of dimension dim S K − n. In case n = dim S K the Abhyankar inequality is automatically an equality, so that every discrete rank dim S K valuation is geometric and the center on every proper model is a closed point.
If v is a valuation on K and w a valuation on Kv, then the ring O v•w := {x ∈ v |x ∈ w } is a valuation ring and the associated valuation on K is called the composite
The following lemma is 'folklore' but we could not find a reference. 
Lemma 3.3. Let K be a function field over S. (i) If v is a geometric discrete S-valuation of rank n on K and w is a geometric discrete S-valuation of rank m on Kv, then v • w is a geometric discrete rank (n + m) valuation. (ii) Each discrete geometric S-valuation v on K of rank n can be written in the form
(ii) Every discrete rank n valuation v can be uniquely decomposed into a chain 
Since v is geometric, equality holds in both Abhyankar inequalities; hence v 1 and w are geometric. By Proposition 3.2, the extension Kv 1 |k(Z v 1 ) is finite, and so Kv 1 is a function field over S and v 2 • · · · • v n is a geometric discrete S-valuation of rank n − 1 on this field. Now the result follows by induction.
Let v be a valuation on the field K, L|K a finite Galois extension with Galois group G and w a valuation on L which extends v. Recall that the decomposition and the inertia group G w (L|K) and T w (L|K) of w in L|K are defined by
, respectively. Furthermore, we have the ramification group Definition. Let v be a valuation on a field K and let L|K be a finite Galois extension. We say that v is unramified (resp. tamely ramified
We say that v is unramified (resp. tamely ramified) in a finite separable extension L|K if it is unramified (resp. tamely ramified) in the Galois closure of L|K.
Remark 3.4. Let v be a valuation with residue characteristic p on a field K and let L|K be a finite separable extension. Let w 1 , . . . , w n be the different extensions of v to L. We denote by e(w i |v) the ramification index of w i over v and we put f (w i |v) = [Lw i : Kv] . By the results of [End] , §22, the valuation v is unramified (resp. tamely ramified) in L|K in the sense of the above definition if and only if the following conditions (1)-(3) hold:
(1) e(w i |v) = 1 (resp. e(w i |v) is prime to p)
If v is a discrete rank n valuation, then conditions (1) and (2) already imply (3). where x is the generic point of the center of v on X. After a modification we may assume that A is regular, see Proposition 2.1. Since the normal closure of A in L is ramified over A, purity of the branch locus [SGA2, X.3.4] gives us a ramified divisor on A which gives us a ramified geometric discrete rank 1 valuation. For d > 2 write v = v 1 • w where v 1 is a discrete rank 1 valuation, which is geometric according to Lemma 3.3 (ii). If v 1 ramifies in L we are done. Otherwise consider the finite product L v of the residue fields of all extensions of v 1 to L. Then, as v ramifies in L and as v 1 does not ramify in L, one of the extensions of w to L v ramifies (see [ZS] , Ch. VI §11 Cor. 2 to Lem. 4). Now we use the induction assumption to find a geometric discrete valuation v 2 of Kv 1 of rank 1 which ramifies in L v . So v 1 • v 2 is a geometric discrete rank 2 valuation on K which ramifies in the extension L|K. Using the induction assumption again, we find a geometric discrete rank 1 valuation on K which ramifies in L|K. Proof. Let p be the characteristic of Kv. We may replace L|K by its Galois closure. Since the ramification group of v is p-group, there exists an intermediate extension
Choose a proper normal model X of K ′ over S. By the Lemma 3.5, we find a discrete rank 1 valuation w ′ of K ′ which ramifies in L ′ |K ′ . Choose a point x ∈ Z w ′ of codimension 2 in X and of residue characteristic p. Set A = O X,x . By Proposition 2.1, we may assume that A is regular and that the ramification locus of L ′ |K ′ in Spec(A) has normal crossings. Then Abhyankar's Lemma [SGA1, XIII Proposition 5.2] applied to the strict henselization of A shows that there is a ramified prime divisor on Spec(A) of function field characteristic p. Let w ′′ be the discrete rank 1 valuation corresponding to this ramified prime divisor. Then the restriction w of w ′′ to K is a wildly ramified geometric discrete rank 1 valuation.
Curve-, Divisor-and Chain-Tameness
We start with the following applications of our Key Lemma 2.4. Proof. Without loss of generality we can assume that Y ′ → X ′ is a Galois covering. Assume Y → X were not étale. We have to find a curve C on X with 
Then C is the curve we are looking for. 
Finally, let the curve C we are searching for be the image of C G under the morphism Y G → X.
Let S be an integral, pure-dimensional and excellent base scheme and Sch(S) the category of separated schemes of finite type over S.
We call C ∈ Sch(S) a curve if C is integral and dim S C = 1. For a regular curve C ∈ Sch(S) there exists a unique regular curve P(C) ∈ Sch(S) which is proper over S and contains C as a dense open subscheme. Note that P(C) has Krull-dimension 1. So there is a unique notion of tameness for étale coverings of regular curves in Sch(S). The next definition is motivated by Proposition 4.2. It is the 'maximal' definition of tameness which is stable under base change and extends the given one for curves.
Definition. Let Y → X be an étale covering in Sch(S). We say that Y → X is curve-tame if for any morphism C → X in Sch(S) with C a regular curve, the base change Y × X C → C is tamely ramified along P(C) C.
Below we will introduce versions of tameness which use Parshin chains on schemes. For the convenience of the reader we recall the definition of Parshin chains and their connection with valuations.
Definition. Let X ∈ Sch(S) be a scheme. A finite family of points P = (P 0 , . . . , P r ) on the scheme X is called a chain if
Assume we are given a scheme X ∈ Sch(S) and a Parshin chain P = (P 0 , . . . , We introduce further definitions of tameness. Let Y → X be an étale covering of connected normal schemes in Sch(S). Then every v ∈ Val S (k(X)) with center in X is unramified in k(Y)|k(X).
Definition. Assume that Y and X are connected and normal. We say that Y → X is
• divisor-tame if for every normal compactificationX of X and every point x ∈X X with codimXx = 1 the discrete rank one valuation v x on k(X) associated with x is tamely ramified in k(Y)|k(X).
dominates a Parshin-chain onX is tamely ramified in k(Y)|k(X).
• weakly chain-tame if there exists a normal compactificationX of X such that each discrete valuation v ∈ Val S (k(X)) of rank d = dim S X which dominates a Parshin-chain P = (P 0 , . . . , P d ) onX with P 1 , . .
. , P d ∈ X is tamely ramified in k(Y)|k(X).
These definitions extend to the non-connected case by requiring the corresponding property for every connected component.
Valuation-tameness obviously implies discrete-valuation-tameness and divisortameness. Discrete-valuation-tameness implies chain-tameness, which implies weak chain-tameness. 
Theorem 4.4. Let S be an integral, excellent and pure-dimensional base scheme and let Y → X be an étale covering of regular schemes in Sch(S). Then the following are equivalent:
(i) Y → X is curve-tame. (ii) Y → X is divisor-tame. (iii) Y → X is discrete-valuation-tame. (iv) Y → X is chain-tame. (v) Y → X
is weakly chain-tame. If every intermediate field between k(X) and the Galois closure of k(Y) over k(X) admits a regular proper model, then then (i)-(v) are equivalent to
(vi) Y → X is valuation-tame.
If there exists a regular compactificationX of X such thatX X is a NCD, then (i)-(vi) are equivalent and there is a further equivalent condition:
(vii) Y → X is tamely ramified alongX X.
Proof. We start making the round. (i)⇒(ii) follows from the Key Lemma 2.4. Let us show (ii)⇒(iii). Assume there exists a wildly ramified discrete valuation of rank d = dim S X. Using Lemma 3.5, we find a wildly ramified geometric discrete rank 1 valuation v on k(X). Choose any normal compactificationX of X. As Y → X is étale, the center of v lies inX X. By [Liu] §8, ex. 3.14, after blowing upX in centers contained inX X and finally normalizing, we find a normal compactificationX of X such that v is the valuation associated to a point x ∈X X of codimension 1 inX. This shows (ii)⇒(iii).
Furthermore, (iii)⇒(iv) and (iv)⇒(v) are obvious. So assume (iv). LetX be a compactification of X and let C → X be a morphism in Sch(S), where C is a regular curve. If the image of C in X is a closed point, then Y × X C → C extends to an étale morphism of P(C). So assume that the image x of the generic point of C in X is one-dimensional and that the base change Y × X C → C is wildly ramified along P(C) C. By the valuative criterion of properness, C → X extends to a morphism P(C) →X. Let v be a discrete rank 1 valuation on k(C) with center in P(C) C which is wildly ramified in Y × X C → C. Let w be the restriction of v to k(x) with respect to the inclusion k(x) ⊂ k(C). Then w is wildly ramified in Y ⊗ k(x) → k(x). Let P 0 ∈X be the center of w. Since x is a regular point on X, we find a Parshin chain P 0 , P 1 , . . . , P d onX such that P 1 = x and P i is a regular point on P i+1 for i = 1, . . . , d − 1. Then let W be the geometric rank d − 1-valuation associated to P 1 , . . . , P d . Then W • w is a wildly ramified discrete rank d-valuation. This shows (v)⇒(i).
Obviously, (vi) implies (iii). Now assume that (v) holds and that every intermediated field between k(X) and the Galois closure of k(Y) over k(X) admits a regular proper model. In order to show (vi), we may replace Y by its Galois closure over X. Assume that there exists a valuation v ∈ Val S (k(X)) which is wildly ramified in k(Y)|k(X). Let p be the residue characteristic of v and let H ⊂ G(k(Y)|k(X)) be a cyclic subgroup of order p contained in the ramification group if v. We replace X by the quotient scheme Y/H, i.e. we may assume that Y|X is cyclic of order p. Let X ′ be a regular proper model of k(X) and let x ′ be the center of v in X ′ . Then x ′ is ramified in Y ′ → X ′ . By purity of the branch locus, we find a prime divisor D ⊂ X ′ which contains x ′ and is ramified in Y ′ → X ′ . Now choose a Parshin-chain from x to D and a discrete rank d valuation which dominates this chain. This discrete rank d valuation is wildly ramified in k(Y)|k(X). Hence (iii) is violated.
Finally, assume that there exists a regular compactificationX such thatX X is a normal crossing divisor. Then (vii) is equivalent to (i) by Proposition 4.2. In the next section we will see (Theorem 5.4) that in this situation Y → X is numerically tame alongX X, and therefore valuation-tame by Theorem 5.3. So (vii) implies (vi).
Remark 4.5. If the scheme X in Theorem 4.4 is only assumed to be normal instead of regular, one still gets the implications
Numerical tameness
Let X be a connected normal scheme with function field K = k(X) and let L|K be a finite Galois extension with Galois group G. Let Y be the normalization of X in L and let y ∈ Y be a (not necessarily closed) point with image x ∈ X. Recall that the decomposition and the inertia group G y (Y|X) and T y (Y|X) of y in Y|X are defined by (x)) , respectively. If y and y ′ have the same image x ∈ X, then the decomposition and inertia groups of y and y ′ are conjugate and we sometimes write G x (Y|X) and T x (Y|X) for these groups if we don't care for conjugation.
Next we introduce the notion of numerical tameness.
Definition. LetX ∈ Sch(S) be normal connected and proper, and let X ⊂X be a dense open subscheme. Let Y → X be an étale Galois covering and letȲ be the normalization ofX in the function field k(Y) of Y. We say that Y → X is numerically tamely ramified alongX X if the order of the inertia group T x (Ȳ|X) ⊂ G(Ȳ|X) = G(Y|X) of each point x ∈X X is prime to the residue characteristic of x. An étale covering Y → X is called numerically tamely ramified alongX X if it can be dominated by a Galois covering which is numerically tamely ramified alongX X. This definition extends to the non-connected case by requiring numerical tame ramification for all connected components. Proof. This follows since the inertia groups of the base change are subgroups of the inertia groups of Y → X.
Theorem 5.3. Let X ∈ Sch(S) be a regular scheme,X a normal compactification and Y → X an étale covering. If Y → X is numerically tamely ramified alongX X, then it is valuation-tame. In particular, Y → X is curve-, divisor-and chain-tame.
Proof. We may suppose that Y → X is Galois. Let v be an S-valuation on k(X) with residue characteristic p > 0. Let x ∈X be a closed point the center of v. Then x has residue characteristic p and we have an inclusion T v (Y|X) ⊂ T x (Y|X). Hence T v (Y|X) is of order prime to p and v is tamely ramified.
A partial converse in the case thatX is regular is given by the following Then Y → X is numerically tamely ramified alongX X.
Remark 5.5. The equivalence of numerical tameness and chain-tameness for nilpotent coverings has been shown in [Sc1] . Wiesend has given an incomplete proof of the equivalence of numerical tameness and curve-tameness for nilpotent coverings in [Wi] . In the appendix we will give examples for curve-tame Galois coverings Y → X with non-nilpotent Galois group which are not numerically tamely ramified alongX X for some regular compactificationX. The first such example has been given by the referee of [Wi] .
Proof. Assume thatX X is a NCD and Y → X is tamely ramified alongX X. By Abhyankar's Lemma [SGA1, XIII Proposition 5.2], the inertia group of every closed point x ∈X has order prime to the residue characteristic of x. Hence Y|X is numerically tamely ramified alongX X. Now assume thatX X is not necessarily a NCD but that Y → X can be dominated by a Galois covering with nilpotent group. Since a finite nilpotent group is the product of its Sylow subgroups, we may assume that Y → X is Galois and that G = Gal(Y|X) is a finite p-group, where p is some prime number. Assume that Y|X were not numerically tamely ramified alongX X. Then we find a closed point in x 0 ∈X X with residue characteristic p which ramifies in Y|X. Now we factor Y → X in the form
is Galois of degree p for i = 0, . . . , n − 1. We denote bȳ X i the normalization ofX in k(X i ). Let a, 0 ≤ a ≤ n − 1, be the unique index such thatX a |X is étale over x 0 butX a+1 |X a is not etale over the preimage x 0 . Note thatX a is regular in a neighbourhood of the preimage of x 0 , since there is a neighbourhood which is étale overX. By purity, there exists a prime divisor onX a which meets the preimage of x 0 in a closed point x a and which ramifies in X a+1 |X a . Applying the Key Lemma 2.4 to the localization ofX a+1 |X a at x a , we find a curveC ⊂X a containing x a and with C :=C ∩ X a = ∅, such that the base change X a+1 × X aC →C ramifies along some point over x a . We conclude that X a+1 |X a is not curve-tame. Hence Y|X is not curve-tame. A contradiction.
Cohomological tameness
LetX ∈ Sch(S) be normal connected and proper, and let X ⊂X be a dense open subscheme. Let Y → X be an étale Galois covering with group G = Gal(Y|X) and letȲ be the normalization ofX in the function field k(Y) of Y. We denote the projection by π :Ȳ →X. (ii) For every point x ∈X the semi-local ringȲ ,π −1 (x) is a cohomologically trivial G-module.
(iii) B i is a cohomologically trivial G-module for all i.
Proof. For any prime ideal p ∈ A i , the localization A i → (A i ) p is flat. Hence for every subgroup H ⊂ G and all i ∈ Z, we havê 
Definition. We say that Y → X is cohomologically tamely ramified alongX X if the equivalent conditions of Lemma 6.1 are satisfied. An étale covering Y → X is called cohomologically tamely ramified alongX X if it can be dominated by a Galois covering which is cohomologically tamely ramified alongX X. This definition extends to the non-connected case by requiring cohomological tame ramification for all connected components. (H, B) = 0.
Next we prove that H 1 (H, B) = 0. Let a(σ) ∈ B be a 1-cocycle and let x ∈ B be such that tr B|A (x) = 1. Setting
Therefore a(τ) = (1 − τ)b , hence a(τ) is a 1-coboundary. By [NSW] , Proposition 1.8.4, we conclude that B is cohomologically trivial. This shows Claim 2. Now we show the theorem. If Y → X is numerically tamely ramified, then B i is a cohomologically trivial G-module for all i by Claim 2. Hence Y → X is cohomologically tamely ramified by Lemma 6.1. The same arguments also show the reverse direction.
Finiteness theorems
In this section we will prove a tame version of a finiteness result due to Katz and Lang [KL] and will deduce finiteness theorems for the abelianized tame fundamental groups of arithmetic schemes, which had been previously shown in [Sc2] .
Let, as before, S be an integral, pure-dimensional and excellent base scheme. Let X ∈ Sch(S) be regular and connected. We use the word tame for the equivalent notions of curve-, divisor-, discrete-valuation-and chain-tameness and tame covering means a finite, étale morphism which is tame. The tame coverings of X satisfy the axioms of a Galois category ([SGA1] , V, 4). After choosing a geometric pointx of X, we have the fibre functor (Y → X) → Mor X (x, Y) from the category of tame coverings of X to the category of sets, whose automorphism group is called the tame fundamental group π t 1 (X/S,x). It classifies étale coverings of X which are tame when considered in Sch(S). Denoting the usual étale fundamental group by π 1 (X,x), we have an obvious surjection π 1 (X,x) ։ π t 1 (X/S,x), which is an isomorphism if X is proper over S. The fundamental groups to different base points are isomorphic, the isomorphism being canonical up to inner automorphisms. Therefore the abelianized fundamental groups π ab 1 (X,x) and π t,ab 1 (X/S,x) are canonically independent of the base pointx, which we will exclude from notation. Note that the notion of (curve-) tameness is stable under base change. Therefore, given a morphism f : Y → X between regular, connected schemes in Sch(S), a geometric pointȳ of Y and its imagex = f (ȳ) in X, we obtain an induced homomorphism (i) X has a regular compactificationX over S such that the boundaryX X is a normal crossing divisor.
Then the group
Remark 7.2. Condition (i) is satisfied if X has Krull-dimension less or equal to 2; conjecturally, it is satisfied for an arbitrary X.
In the proof of Theorem 7.1 we will need the following 
, where π ′ ∈ k ′ is a uniformizer of v ′ , and so we obtain
Summing up, the result follows.
Proof of Theorem 7.1. In the proof we will make frequent use of the following wellknown fact: Let X be a normal, connected locally noetherian scheme with generic point η and function field K. Let K sep be a separable closure of K and letη be the corresponding geometric point of X. Then π 1 (X,η) is a quotient of the Galois group G(K sep |K) and the functor "fibre over η" {connected étale coverings of X} −→ {finite separable extensions of K} covering such that X ′ × X Y → Y is tame, then, using the section s and the base change property of (curve-)tame coverings, we see that X ′ × X X 0 → X 0 is tame. Taking the point of view of divisor-tameness, we conclude that X ′ → X is tame. Hence H = 0 in this case.
Proof.
For a dense open subscheme X 0 ⊂ X, the homomorphism
1 (X/Spec(Z)) is surjective. Therefore, making X smaller, we may assume that the structural morphism X → Spec(Z) is smooth. Let k be the algebraic closure of Q in k(X). Then X → Spec(Z) factors through Spec( k ). Denoting the (open) image of X in Spec( k ) by U, the morphism X → U is smooth and surjective with geometrically connected generic fibre. Now consider the exact sequence
The left hand group is finite by Theorem 7.1. The group π t,ab 1 (U/Spec(Z)) is finite by class field theory: it is the Galois group of the ray class field with modulus ∏ p/ ∈U p of the number field k. This finishes the proof.
If X is a smooth, connected variety over a finite field F, then π t,ab 1 (X/Spec(Z)) = π t,ab 1 (X/Spec(F)), and we have the degree map deg : π 
, which is not a normal crossing divisor. Let K = Q(T) be the function field of X and
where X 2 is the unique vertical divisor on X over characteristic 2. Let us show that X L → X is unramified at the generic point of X 2 . This is equivalent to the statement that L|K is unramified at the unique discrete valuation v 2 of K which corresponds to the prime ideal 2Z[T] ⊂ Z[T]. Therefore it suffices to show that f is a square in the completion K 2 of K with respect to v 2 . Consider the polynomial F(X) = X 2 − f = X 2 − T 2 + 16. We have F(T) ≡ 0 mod 16 and the derivative F ′ (T) = 2T has the exact 2-valuation 1. By the usual approximation process (cf. [Se] 2.2. Theorem 1), we see that f has a square root in K 2 . Hence the ramification locus of X L → X is exactly D, and since D is the sum of horizontal prime divisors, the morphism U L → U is tamely ramified along D. Now consider the closed subscheme Y ⊂ X given by the equation Let k =k be an algebraically closed field of characteristic p > 2. Let E be an ordinary elliptic curve over k and let y 2 = x(x − 1)(x − λ) be a Weierstraß equation for E. We obtain a cyclic degree 2 covering π : E → P 1 k and we have E {∞} = Spec k [x, y] 
. Let E ′ → E be the unique cyclic étale covering of degree p. Because of uniqueness, E ′ → P 1 k is a (tamely ramified) Galois covering of degree 2p. If Gal(E ′ |P 1 k ) would be abelian, we would obtain a cyclic covering of degree p of P 1 k which is tame, hence étale because p = char(k). As P 1 k does not have nontrivial étale coverings, the Galois group Gal(E ′ |P 1 k ) is nonabelian, hence isomorphic to the dihedral group D 2p (which is not nilpotent).
Let X = π −1 (A 1 k {0, 1, λ}) and let X ′ be the preimage of X in E ′ . Taking [Sa] .
Let p = 2 be a prime number, k|Q p a p-adic field, E → k an elliptic curve and E → P 1 k the degree 2 covering defined by a Weierstraß model. Then the normalization W of P 1 k in k(E) is a normal model of E over Spec( k ). Let E → W be a minimal resolution such that E is a regular model of E and such that the reduced special fibre (E s ) red of E is a normal crossing divisor. Recall that the dual graph Γ of (E s ) red is defined as follows: the vertices correspond to the irreducible components and an edge connecting two vertices corresponds to an intersection point of the two components.
Let E ′ → E be the maximal étale elementary-abelian p-covering of E in which all closed points of E split completely. By [Sa] , Proposition 2.2, it extends to an étale covering E ′ → E , hence E ′ → E is numerically tame with respect to the regular compactification E ⊂ E . Furthermore, by loc.cit. Proposition 2.3 and Theorem 2.4, the covering E ′ → E is finite and there is a natural isomorphism G(E ′ |E) ∼ = π ab 1 (Γ)/p. Now assume that there exists a (singular) rational point P in the special fibre W s of W such that the subgraph Γ P of Γ given by the components over P is not contractible. Then not every elementary-abelian p-covering of Γ splits over Γ P , hence E ′ → E cannot come by base change from an étale covering of W ′ → W. We conclude that E ′ → E is not numerically tame with respect to the normal compactification E ⊂ W. Furthermore, considering the composite map E ′ → E → P 1 k , we obtain an example of a curve-tame but not numerically tame covering of some open subscheme U ⊂ P 1 k . This example can be "lifted" to obtain a similar example over the ring of integers of a number field.
